We show in detail that the recently derived expression for evaluating the integrated Sachs-Wolfe (ISW) temperature shift in the cosmic microwave background (CMB) caused by individual embedded (compensated) lenses is equivalent to the conventional approach for flat background cosmologies. The conventional approach requires evaluating an integral of the time derivative of the lensing potential, whereas the new Fermat potential approach is simpler and only requires taking a derivative of the potential part of the time delay. PACS numbers: 98.62.Sb, 98.65.Dx, 
the projected lens' mass profile and hence more transparent than the conventional approach.
It is simpler to use and requires the construction of only one single function, the potential part of the time delay [25] . What we show in this paper is that the two methods actually give the same results when applied to the same compensated lens embedded in a spatially flat ΛCDM cosmology. Proof of equivalence for non-flat backgrounds is more complicated and not carried out here. In Secs. II and III we describe the structure of an embedded lens and the associated Fermat potential. We next review the expression giving the ISW effect on the CMB temperature Eq. (4) as a redshift derivative of the Fermat potential in Sec. IV and Eq. (12) as an integral of the lensing potential in Sec. V. In Secs. VI we show that these two expressions give exactly the same results for flat ΛCDM cosmology. In the Appendix we give tables of various lens mass densities, their projected mass fractions, and their time delay T p functions and demonstrate how simple it is to make linear superpositions of lenses masses.
II. EMBEDDED LENSES
The logic for using embedded lenses is simple, by computing the mean density inside larger and larger spheres centered on a density perturbation, a radius will be reached beyond which the mean density coincides with the FLRW background. This is a reasonable assumption for a density perturbation that grow primarily by gravity from small fluctuations in the early universe. The masses of such perturbations increase at the expense of the depleted surrounding mass density. Hierarchal clustering and merging clearly complicates this simple picture and extending use for this theory to perturbations that are not locally embedded will be discussed in future work.
Because the embedded lens theory originated from the Swiss cheese models of general relativity (GR) [26] [27] [28] one can be confident of the correctness of its gravitational predictions. An embedded lens at redshift z d is constructed by first removing a sphere from the background cosmology whose boundary has a constant comoving angular radius χ b producing a Swiss cheese void, see Fig. 1 and Eq. (7) . The removed mass M is then replaced by an evolving spherically symmetric density in such a manner as to keep the Einstein equations satisfied inside and on the void's boundary to what ever accuracy is desired. For example if the void has a physical radius χ b R(t) at cosmic time t and if the region just interior to the void boundary is a vacuum, GR requires that its geometry be described by the Kottler metric [29] (Schwarzschild with a cosmological constant). The comoving radius of the outer void wall is related to the Schwarzschild radius of the embedded metric by
The current radius of the FLRW universe is taken to be R 0 = 1 by convention for spatially flat cosmologies and χ carries units of length.
The original Swiss cheese cosmologies filled part (or all) of the void's interior with the Schwarzschild metric and the remaining central part with a more dense homogeneous cosmology. An interior FLRW cosmology bounded on the outside by the point mass gravity field has to satisfy a similar boundary condition to that of Eq. (1). Additional exact Swiss cheese models were constructed by filling the void with one of the Lemaître-Tolman-Bondi
(LTB) models [30] [31] [32] . In this paper we are only interested in the lowest order lensing properties and replace the void's mass by any spherical density perturbation whose net mass is M. Our only other constraint is that stresses and momentum densities within the lens are sufficiently small so as not to invalidate use of Newtonian perturbation theory, see Eq. (7) .
Embedded models for physical voids must be surrounded by higher density regions and embedded cluster models surrounded by lower density regions. Such linearized gravitational models are often referred to as compensated [33] [34] [35] [36] [37] [38] .
III. THE FERMAT POTENTIAL
For spherical density perturbations we have shown in [23, 24] that to lowest order the gravitational lensing properties of an embedded lens can be completely described by its Fermat potential (equivalent to the sum of the geometrical and potential time delays, cT = 
1 The geometrical part of the delay is the difference of arrival times of two photons starting at a fixed comoving distance χ s and traveling entirely in the background cosmology. One travels on a single straight line path to the observer and the second, whose arrival time is delayed by T g , travels on two straight lines differing in direction by the deflection angle α at a comoving distance χ d from the observer (see point B
of Fig. 1 ). The potential part of the time delay T p is the difference of the exiting times of two photons, red shifted to the observer, both entering the lens at point 1 at time t 1 but traveling on 2 separate paths to point 2. One photon travels on the two short straight lines differing in direction by the deflection angle α at point B. This photon travels as if it were entirely in the background cosmology and is simply reflected at point B. The delayed second photon travels on the actual null path within the lens as described by the can be integrated. All embedded lens properties can be constructed once the specific T p (θ I , z d ) is known. For example the specific lens equation is given by a θ I -variation
δT (θ S , θ I )/δθ I = 0. This result is completely consistent with conventional lensing theory which projects the lensing mass into the lens plane; it simply accounts for the absence of lensing by the Swiss cheese void.
IV. THE ISW PROFILE FROM THE FERMAT POTENTIAL
In [24] we have shown that the ISW effect [1, 2] can also be obtained by a derivative (a z d -derivative) of T , the Fermat potential, or of T p alone since ∂T g /∂z d = 0
When Eq. (3) is inserted into Eq. (4) two terms are separately identifiable. The first is called the time-delay part and is proportional to the potential part of the time-delay
and a second term called the evolutionary part is present when the projected mass fraction evolves differently than the comoving background
In this expression ∆T is the change in the observed CMB's temperature T caused by CMB photons passing through an evolving gravitational lens at impact angle θ I . The cosmic-time evolution of the lens is replaced by a dependence on the redshift z d at which lensing occurs and the Hubble parameter at that redshift is denoted by H d = H(z d ). To compute the ISW effect caused by an embedded lens, we need not only the density profile as a function of θ I as required by conventional lens theory [39] to compute image properties, but we also need the density profile's evolution rate to compute the z d -derivative. Because Eq. (4) contains only a first derivative we do not need to know the lens' history (i.e., the dynamics of its motion), only its density profile and its velocity distribution at lensing time z d .
V. THE ISW PROFILE FROM THE LENSING POTENTIAL
To understand the conventional expression used to compute the ISW effect for an embedded lens one starts with the spatially flat Robertson-Walker (RW) metric perturbed by a spherically symmetric lens centered at χ = 0. If the perturbation can be treated using the Newtonian approximation the metric can be written as
where the Φ(t, χ) is the instantaneous Newtonian potential caused by the mass density perturbation
i.e.,
For an embedded lens δ(t, χ) vanishes beyond χ = χ b and the boundary condition on Φ(t, χ)
is that it similarly vanish. By writing
equation (9) is solved bŷ
Φ(t, χ) is independent of cosmic time t if the density perturbation is co-expanding with the background, i.e., if δ(t, χ) has no dependence on t.
In Table 1 we have indicated the sizes of various terms that might possibly alter the form of the perturbed metric in Eq. (7) and the results below.
The conventional expression for the ISW effect is
where χ(t) is the photon's comoving radial coordinate as a function of cosmic time as it passes through the lens (see Fig.1 ). For an embedded lens the integration domain is confined to the time the photon transits the Swiss cheese void. Equation (12) usually contains additional terms due to peculiar velocities of the emitter and/or observer as well as terms due to the emitter and/or the observer residing in local pertubations themselves. However, these terms are absent in Eq. (12) because we are assuming that the source and observer are comoving with the background cosmology.
VI. EQUIVALENCE
We now show that the two terms in Eq. (12) are the same as the respective terms in Eqs. (5) and (6) above. The proof amounts to showing that when performing the time integral in the conventional method the photon's path can be approximated as a straight line and that the explicit dependence of the integrand on the cosmic t can be approximated as its value at the central time t d , which corresponds to the lens' redshift z d . We write the approximate path of the photon through the comoving void as a straight line impacting the comoving lens plane at χ(t d ) = χ d x,
The actual path differs from this by terms of the order of the deflection angle α and because α is proportional to the potential Φ including such terms would be including (post-Newtonian) second order Φ terms in ∆T /T . Such non-linear terms are small and have already been neglected in Eq. (7), see Table 1 . We next change integration variables from cosmic time to the horizontal component of fractional radial coordinate z using
where the Φ term is again dropped because it would represent higher order corrections to ∆T /T . The explicit t dependence in Eq. (12) now becomes a function of z, t → t(z), via Eq. (14). The first term in Eq. (12) thus becomes −2
The first step in Eq. (15) is made using Eqs. (13) (14) and the second is made by expanding (16) and observing that because χ is even in z and the integration range is symmetric about z= 0, terms linear in z integrate to zero. The O[z 2 ] corrections would amount to a correction factor ∼ 10 −4 for the large physical void of Table 1 .
It follows by direct integration of Eq. (11) that
which is precisely proportional to the integrated projected mass fraction 2
When combined with Eq. (15) the conclusion is that the first term in Eq. (12) is precisely the same as ∆T T /T of Eq. (5).
The second term in Eq. (12) is approximated by a series of steps similar to those made for the first term but requires a few more steps
The first step in Eq. (19) is made using Eqs. (13)- (14) . In the second step t(z) is expanded in z about t d and the integral of the term linear in z vanishes. The O[z 2 ] term is again too small to keep. In the third step ∂Φ(t d , χ)/∂t d is related to ∂δ(t d , χ)/∂t d by differentiating
Eq. (17) with respect to t d . In the final step the cosmic time dependence t d is replaced by the dependence on red shift z d using
The result from Eq. (19) combined with the embedding condition Eq. (1) is identical to the evolution term given in Eq. (6) . 
VII. NON-COMPENSATED LENSES
We have concentrated on observational effects produced by embedded lenses to avoid the problem of keeping our models consistent with GR. We started each model as a single lens that exactly satisfies Einstein equations and then assumed we were dealing with lenses whose gravity field would only produce local Newtonian perturbations in the background cosmology (χ < χ b ), see Eqs. (7)- (11) . Such lenses are necessarily compensated by construction. The mass of a compensated lens is a contributor to the background's mean density ρ(t) and the range of its effects on passing photons is limited to its embedding radius r d (t) = R(t)χ b . The usual approach for lensing is to assume the lens at hand is not a contributor to the mean but an addition to it. The consequence is that the range of the lens's influence is infinite.
VIII. APPENDIX Table I contains 5 mass densities ρ(t, r) that can be used to fill a comoving Swiss cheese void of physical radius r b (t) = R(t)χ b in an FLRW cosmology. These densities are normalized for compensation purposes, i.e., they satisfy
The projected mass fractions f (t, x) contained in a cylinder of azimuthal radius x * r b associated with each mass density is also tabulated
By definition f (t, x) = 1 for x ≥ 1.
If the structure of the lens evolves differently than the background FLRW cosmology, f (t, x) will depend on cosmic time. In the models that follow such a time dependence can occur if a ≡ r a /r b is a function of t. We will not explicitly exhibit the t dependence of ρ, f , etc., but it can be assumed there. In Table II impact 
